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Mathematical Logic

The rules of mathematical logic specify methods of
reasoning mathematical statements. Greek
philosopher,

Aristotle, was the pioneer of logical reasoning.
Logical

reasoning provides the theoretical base for many
areas of mathematics and consequently computer
science. It has many practical applications in
computer science like design of computing machines,
artificial intelligence, definition of data structures for
programming languages

etc.

2.1 Propositional Calculus

Propositional Logic is concerned with statements to
which the truth values, “true” and “false”, can be
assigned. The purpose is to analyze these statements
either individually or in a composite manner.
Definition.

In logic, a proposition (or a statement) is a
meaningful

declarative sentence that is either true or false, but
not both.-135-The truth value of a proposition is
True "T or 1" if it is a true proposition and false "F or
0" if it is a false proposition. Letters p, q, T, ... are
used to denote proposition and are called
propositional variables

ol il

Gub b ) (shaiall ao) g8 2aas

(Al sl) L gaadal) S Azl ) @l jlal) u.°n (shiall psan)
(oAhial) il Bgy  Ahia) il a:.\“h“:)i

asle My el e (oo panll (g 3l Culusd)

Jia i gusast) asls gﬁ:\:\lﬁd\ Glludail) cpa Lanl) Al | 4 gasasl)
Uil Jsba Gy 2t g s lihal) plSA g A gad) N vl
daa i clall

Sl Ry

2.1 <o i) clea

A @l il jTal) ghial) gl

Uad” g “raia” (ABiial) ad Lgal) el 0 ¢Sy,

Globad) oda Julas g4 €l (e 2 1)

S e g8y g (a8 ISy Lal,

iyl

e il Adle) dlay g4 (3 kadl i) 7 slal) ¢(ghaiall B

ol (8l AbA ) dasaia L)

135-.Laads.

T 7 lal) daua dah (g3 T (IS 13) . )

Wad” g cliyaua a8 7F GUS 13) “0

Cijal) aadiid Uhld B e p o o ... ) 5LEN
e jTall il e a7 iiall




The following propositions are true

(i) A triangle has three sides.

(ii) 7 is odd.

(iii) 2 divides 24.

* The following propositions are false:
(i)5+3=09.

(ii) Makkah is the capital of Saudi Arabia.
(iii) 2 divides 7.

* The following are not proposition:

(1) Who are you?

Not declarative sentences

(2) Help yourself!

Not declarative sentence.

B)u-2=1

Neither true nor false.

du-v=w.

Neither true nor false.

(5) Broccoli tastes good.

Meaningful declarative sentences, but is not
proposition

but rather matters of opinion or taste.
Definition.

A formula (or a compound proposition) A formula is

formed from existing propositions using connectives.

Definition.
Since we need to know the truth value of a
proposition in all possible scenarios, we consider all
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the possible combinations of the propositions which
are joined

together by Logical Connectives to form the given
compound proposition. This compilation of all
possible

scenarios in a tabular format is called a truth table.
In particular, truth tables can be used to tell whether
a

propositional expression is true or false for all

legitimate input values. Practically, a truth table is
composed of one column for each input variable (for
example, p and q),and one final column for all of the
possible results of the logical operation that the table
is meant to represent (for example, p = q). Each row
of the truth table therefore contains one possible
configuration of the input variables

(for instance, p is true (written 1 or T) q is false
(written O
or F)), and the result of the operation for those

values.
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Logical Connectives

Connectives are either unary operations like logical
identity and logical negation, or binary operations
like

logical conjunction, logical disjunction and logical
implication.

Definition. (Logical identity and logical Negation).
Let p be a proposition.

e Logical identity

Logical identity is an operation on one logical value,
typically the value of a proposition that produces a
value

of true if its operand is true and a value of false if its
operand is false. The truth table for the logical
identity

operator is as follows:

Logical Identity

bp

Operand Value

11

0-138-

e Logical negation

Logical negation is an operation on one logical value,
typically the value of a proposition, which produces a
value of true if its operand is false and a value of
false if

its operand is true.
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The truth table for logical negation (written as -p or
~p)

is as follows:

Logical negation

b-p

10

01

Example.

The negation of the proposition "The sun shines on
the

screen" is "The sun does not shine on the screen".m
We will now introduce the logical connectives (binary
operations) that are used to form formulas.
Definition. (Logical Conjunction" A ")

Logical conjunction is an operation on two logical
values, typically the values of two propositions, that
produces a value of-139-

The truth table for p AND q (written as p A q) is as
follows:

Logical Conjunction

PrgqpAq

111

100

010

000

Example.
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Example.

The disjunction of the propositions p and g where p
and g

are the same propositions as in the above example, p
Vg,

is the proposition “It is sunny today or the sun shines
on

the screen”. This proposition is true on any day that
is

either sunny day or the sun shines on the screen
(including both). It is only false on days that are not
sunny and when it also does not shine on the screen.
|

Definition.

(“Logical Implication” or “Conditional Statement” " -
")

Logical implication is associated with an operation on
two logical values, typically the values of two
propositions, that produces a value of false just in the
singular case the first operand is true and the second
operand is false.

-141-

The truth table associated with the Logical
implication if

p then q (symbolized as p - q) is as

Logical implication

It may also be useful to note thatp - gand -pV q
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have the same truth table. A variety of terminology is
used to express p > q. Some of them are: “if p, then
q”,

“p implies q”, “if p, q” , “p only if q”, “p is sufficient
for

n u n u

q”, “a sufficient condition for q is p”, “q if p”, “q
whenever p”, “q when p”, “q is necessary for p”

“a necessary condition for p is q” , “q follows from p”
and "q unless -p.

Example.

Let p the proposition "Aly study well" and q the
proposition "Aly will be a Computer Science
student”.

Then the formula p - q -as a formula in English- is "If
Aly study well, then he will be a Computer Science

student". m
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Definition. (Converse, Contra-positive and Inverse)

There are some related conditional statements that can be
formed from p - q. The conditional statement g - p is
called the converse of p - q. The contra-positive of

p - q is the conditional statement -~q - -p.

The statement -p > -q is called the inverse of p - g.

The contra-positive, ~q - -p, of a conditional statement

p = q has the same truth value asp - q.

On the other hand, neither the converse, g = p, nor the
inverse -p -» ~q, has the same truth value as p - q for

all possible truth values of p and q.

Example.

What are the contra-positive, the converse, and the
inverse of the conditional statement “The home team
wins whenever it is raining”.

Solution.Because “q whenever p” is one of the ways to
express the conditional statement p - g, the original
statement can be rewritten as “If it is raining, then the home
team wins”.-143-

Consequently, the contra-positive of this conditional
statement is “If the home team does not win, then it is not
raining”. The converse is “If the home team wins, then it is
raining”.

The inverse “If it is not raining, then the home team does
not win”. Only the contrapositive is equivalent to the
original statement
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We now introduce another way to combine
propositions.

Definition. (Biconditional " ").

Biconditional (also known as logical equality) is an
operation on two logical values, typically the values
of

two propositions, that produces a value of true if
both

operands are false or both operands are true.

The truth table for p XNOR q (written as p € q) is as
follows:

Logical Equality

So p > qis true if p and q have the same truth value
(both true or both false), and false if they have
different

truth values. There are some other ways to express p
©q

“p is necessary and sufficient for q”; “p iff q” where
“iff” is the abbreviation for “if and only if” and " if p
then q and conversely ".

Pqp < q

111

100

010

0 -145-

Example.

Let p be the statement “You can pass the exam.” and
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let g

be the statement “You study well”. Thenp > g is
the

statement “You can pass the exam if and only if you
study well”. m

Remark.

The previous operators (-, A, V, =, €>) are the
common operators which we will focus on.
Definition. (Exclusive Or" @ ").

Truth table for ExclusiveOr" @@ "

Logical Equality

Actually, this operator can be expressed by using
other

operators:

p @ q is the same as - (p € q).

@ is used often in CSE. So we have a symbol for it.
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e Order of precedence

As a way of reducing the number of necessary
parentheses, one may introduce precedence rules for
operators. - has higher precedence than A, A higher
than

V, and V higher than -.

Here is a table that shows a commonly used
precedence

of logical operators.

The order of precedence determines which
connective is

the "main connective" when interpreting a formula.
Example.

~p A g means (-p) A g;
PpAgq—rmeans(pAq)—r;
pVqA-r->sisshortfor[pV(qgA(-r))]->s.
When in doubt, use parenthesis-147-

Example.

Find the truth table for the following formula: "If you
studied discrete Mathematics well and did not
neglect

studying logic, you would gain high marks in the
exam".

Solution.

Suppose that

p: studied discrete Mathematics well;

q: neglect studying logic;
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r: gain high mark in the exam.

The formulaispA-q —1r
pqr-qpA-qpA-q—1r

111001

110001

101111

100110

011001

010001

001101

000101

m-148-

e Tautologies and Contradictions Definition.

A formula that is always true, no matter what the
truth values of the propositions that occur in it, is
called a

tautology.

A formula that is always false is called contradiction.

A formula that is neither a tautology nor a
contradiction

is called a contingency.

Example.

We can construct examples of tautologies and
contradictions using just one proposition. Consider
the truth tables of p V -p and p A -p. Sincep V -p is
always true, it is a tautology. Since p A -p is always
false, it is a contradiction.
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@ ApalpA~qg >
pPar-qpA-qpA-q—rT
111001

110001

101111

100110

011001

010001

001101

000101
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Example of a tautology and a contradiction
P-PPV-ppA-p

1010

0110

e Logical Equivalence

Definition.

Two formulas p and q are logically equivalent,
denoted

by p = g, if and only if they have the same truth
values

for all possible combination of truth values for the
propositional variables. Also,

Definition.

Two formulas p and q are called logically equivalent if
p € q is a tautology.

Example.

The formulas p - q and -p V q are logically
equivalent.

pPq-pr>9q-pVvq

11011

10000

01111

00111

m-150-
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The formulas =(p V q) and -p A -q are logically
equivalent.

pq-p-qpVq-(pVq)-pA-q

1100100

1001100

0110100

0011011

Since the truth values of the formulas -(p V q) and
-p A ~q agree for all possible combinations of the
truth

values of p and g, it follows that -(p V q) > -p A ~q
is a tautology and these formulas are logically
equivalent.

Similarly, we can prove that-151-

Theorem. (Algebraic properties of connectives)
(1) Commutative rules:
(@QpAq=qAp,(b)pVg=qVp.

(2) Associative rules:

(@ (pAgQ)AT=PpA(gAT),
(b)(pvq)Vr=pVv(qVr).

(3) Distributive rules:
(@pAlqvr)=(pAq)V(pAT),
(b)pVi(gAr)=(pVaAlpVr).

(4) Identity rules:

(@pvo=p,(b)pAl=p

(5) Negation rules:

pA-p=0andpV-p=1.
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pq-p-qpVq-(pVq)-pA-q
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1001100

0110100

0011011
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(6) Double negation rule:

-~(-p) =p.

(7) Idempotent rules:
pVp=pandpAp=.

(8) De Morgan's rules:
(@)-(pAg)=-pV-q,

(b)-152-

(9) Universal rules:
pAO=0andpVvi1=1.

(10) Absorption rules:
(a)pVv(ipAq)=p,
(b)pA(pVaq)=p.

(11) Alternative proof rule:
(@p—(qVvr)z=(pA-q)—r=(pA-r)—q.
(b) pvg—r=(p—or)A(q—r).
(12) Conditional rules:
(@Qp—q=-pVq

(b)~(p —q)=pA-q.

(13) Biconditional rules:
(@pq=(p—q)Alg—Dp)
(b)p>q=(pAq)V(-pA-q)
(p>q=(-pVqg)A(pV-a)

(6) Zs mall Al Bacd;

~(-p) =p.

(7) i gaats) 20 g8;

PVPEpIPApPE.

- (8) Musa g2 ) g

()-(pAq)=-pV-q:

(152-(<=-

(9) 4alad) 2o gil);

pAO0=0spV1=1.

(10) pabaiay) o1 g

()pVipAq)=p:

(*)pA(pVq)=p.

(11) Aad) i) Bacd;

)p—(qVvr)=(pA-q) > r=(pA-r)—>q.

(K)pVg—or=(p—T1)Alg—T)
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(14) Rules of contrapositive:
p—q=-~q—-p

(15) Exportation — importation rule:
p—(qQ—r)=pAg—oT

Proof.-153-

Example.

Use the algebraic properties of connectives to prove:
(@)-pAl=pVq)=-pV-q;
(b)[(pVq)A(p—r1)A(gq— 1)] — ris atautology.
Solution.

(a) Exercise.

(b)[(pVaAllp—T1)A(@— )] —T
=llpvagAllpvq —rl->r

Alternative proof rule
=llpvaA-pvqVvr)]—r

Conditional rule
=(evaA-pvadVilpVgAr)]—r
Distributive rule

[0V ((pV q) ATr)] — r Negation rule

[(p V q) AT] — 7 Identity rule

-[(p V q) AT] V r Conditional rule

[-(pV q)V -r]VrDe Morgan's rule

-(p V q) V [-r V r] Associative rule

-(p V q) V 1 Negation rule

1-154-

Exercise Set (2.1)

1- Which of the following are propositions?

(14) JBUL o) 8;

p—q=-q—-p

(15) i)y puail) sacld;
p—(@—r)EpAqg—T

153-,&Ld)-

JUia,

Gy il gl 43 pall pailadl) aadiiul);
(N-(pA(-pVq))=-pV-q
(VA —=1)A(g—o )] o r MBS,
Jadl,

(s (.

(<) pVaA(lp—=1)A(@—rN]—T
=llpvaAllpvg —r1)l>r

Ay L) Bacld
=lpva)Al=lpvqVvr)]—r

b pdd) sacld

=pva A=lpvadlvVpVgAT)]—1
sl Basld

=[0V((pV @ AT — 1 A Scld
=[(pV QI AT] > sl sl

=-[(pV q) AT]Vrhdd el
=S[~(pVq)V-rIVrieosm gabeld
==(p V q) V [-rVr] duky il 32l
=-(pVq) V1Al et

= 1-154-

2.1) Crubadll ds gana)
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(a) Buy Premium Bonds!

(b) The Apple Macintosh is a 16-bit computer.

(c) There is a largest even number.

(d) Why are we here?

(e) 8+7=13.

(f)a+b=13.

2- pis "1024 bytes is known as 1IMB" and q is "A
computer keyboard is an example of a data input
device".

Express the following formulas as English sentences in
as

natural a way as you can. Are the resulting
propositions

true or false?

(@pAg;(b))pVg;;(c)-p.

3-pis"x <50" qis"x>40".

Write as simply as you can:

(@) -p; (b) ~q; (c)pAg; (d)pV q; (e)-p Ag;
(f)-pA-q.

One of these compound propositional functions
always produces the output true, and one always
outputs false.

Which ones?-155-

4- pis "l like Math" and q is "l am going to spend at
least 6 hours a week on Math". Write in as simple
English as you can:

(Bae cldin i) (i1

(S (< Apple Macintosh < 16 ssuaS g sa,
(290 2 us) dua (7,

(FLa cad 1 (2

(13=7+ 8 (=.

()a+b=13.

2-p 9 “Culilaga 1 - ciad <l 10247 94 q e da gl g
alibal) JUia) Sl Ao Jlia A s gaastl,

GLSaY) e dmd A8, phay 4 Jalad) Jeay LU uall oo i,
Al duall Ja

dailll) cila S8all A "{\.\bb ‘ai {\;}ma

e4ikla ?‘ Aaaua

"pAg<s)9))pVae) ¢ ¢)-p.

3- p A "x < 50 q A "y > 40“.

AiSaa 48yl by s

()-p=) )-qz) )P Aq?) )PV ¢2) }) -p A q*

; ) (8)-pA—q.

i 5 AY) g raua il Ladla il 438 jall J)gal) 034 (saa)
Ual i) Ladl,

155-fLagal-

4- p 5 “claal ) al Ui” A q 6 08 Ji Y L L8l A
4 Jala) Aad by iis) il ) Al ja B U pand el
Ai<aa




(a) (-p) A q; (b) (-p) V g;

(c) =(=p); (d) (-p) V (~q);

(e) =(p Vv q); (f) (-p) A (=q);

(8lp->;(h)pAg.

5- Construct a truth table for each of these formulas:
(@) p A -p;

(b)pV -p;

(c)(pV-q)->gq;

(d)(pvq)->(pAq)

(e)p > -p;

()p & -p.

6- Show that each of these implications is a tautology
by

using truth tables.

(@) [~pA(pVaq)l->gq.

(b) [-156-

7- Show that each implication in Exercise 6 is a
tautology

without using truth tables.

8- Show that every pair in the following are logically
equivalent:

(@p->qand-q->-p

(b)-p > qandp & ~q

(c) =(p > q) and-p <> ~q
(d)(p>q)A(p->1)andp > (g A7)
(e)(p>q)V(p->r)andp > (qVT)

9- Show that(p Vq) A(-p V1) > (q V r)is a tautology.

() (-p) A gq<) ¢) (-p) V ¢

(@) ~(-p)?) ¢) (-p) V (-q)

(=) =(p V q)3) 9) (-p) A (-q)

C)p=>4qT))pAg.

5- &uall 03a (e I (31a Jgda plin pb:

() o A -p*

(<)pV-p

(@) (pV-q) - q

(NVvaq)>(pAq)

(*)p > -p*

(3)p & -p.

6- aladiuly a8l ) S5 ga CYSILY odd (ra JS o) il
d@xall Jglaa,

[~pAlpVql->g.

(156-] (<=-

7- NS5 5 6 Gl B P8l JS o)

Adgal) Jglan aladiu) (g,

8- dsblaiall Lalil) (e ¢ AlSEa AN ) 9 3Y) (10 290 IS O )

p>qs-q>-p

(K)-p>qsp & ~q

@) -p>q)s-p>-q
NP>9A@>1)p>(qAT)

o R)p>qVip>rIsp->(qVvr)
9- 0 B (V@ A(-pVT)D(qVT) NSCe ble A
Y




10- Show that (p

2 q)

> randp

> (q

-> r) are not

logically equivalent.

11-Prove that:

(@Qp—q=-q—-p;

(b)-(pVq)=-pV-gq;

(c)p—q=-pVg;

(d)-157-

2.2 Predicates and Quantifiers

(A) Predicates

Predicates are statements involving variables ( called
predicate variables), such as:
"x>3","x=y+3","x+y=2".

They are not propositions because the truth value
you

give them will depend on the values assigned to the
variables x and y. The domain of a predicate variable
is

the set of all values that may be substituted in place
of the

variable.

In English you may have statements like this:

1- She is Tall and Fair.

2- x was born in a city y in the year z.

-l 48 (p

~q)

>TrIp

- (q

> 1) bud

11- o) el

(Vp—q=-q—-p
(*)-(pVq)=-pV-q
@p—q=-pVg

(157-(=-

2.2 Gladaal) g claiall

(il (

() Gl pria Cpaall & e R G dosall
Jia c(M\ &) _ardia;

"x>3“ x=y+3" "x+y=2"

A daall dad Y il e Gl A

& jaciall Laadall adl) o aaiaio g Lgaiad
/ XJIY. S el yiia Jlaa
Cro Y Leladia (Say Al adlll aen de gana
i),

Jie Gijle aad 38 Ay julaiy) dalh b,

1- saa g dlysh A,

2- Agx A Ayale A7,




Often pronouns (I, he, she, you etc.) are used in place
of variables. In the first case - we cannot say if the
statement is true because that depends of who she is
and in the second case the statement will get a truth
value depending on variable

X, Y and z. Predicate are noted something like this-
158-

For example

P(x, y, z). This stands for the predicate "x +y = z".
M(x, y). This stands for "x is married to y".

In general, you have predicates in the form of:

(x) - this is a unary predicate (has one variable).

(x, y) - this is a binary predicate (has two variables).
P(x1, x2, ..., xn) - this is an n-ray or n-place
predicate —

(has n individual variables in a predicate).

You have to choose the values for the variables —
these can be from a set of humans - a specific human,
a set of places or a place, a set of integers or an
integer, a set of real numbers or a real number and so
on. The values are chosen from a particular domain of
values called a universe or a universe of discourse.

If we take a look at this again:

x was born in a city y in the year z. x is taken from a
set of human beings, y is taken from a set of cities
and z is taken from a set of years. This is called the
underlying universe. Looking at this again:

OV Y al dagaua 5 jlad) cuils 13) Le yaal WiCay Y ¢ J6¥) Alal) B
&l il o 13lis) dayaia dad

X9y 52 158~ sall) Ao alewal) oy gl Al

JUal) Jasw Ao

P(x, y, z). Yiwal) Jiay 138 5 7x + y = 2,

M(x, y). S 138 5 7x (s o35 y“,

4 dapal) A Cilaiaad) a3 68 cale (S

(x) - )y e Ao (5 gian) saal i 1),

(%, Y) - Gaoia e g 5in) (A disa 122),

P(x1, x2, ..., xn) - X 13 n-ray sl n-place -

(s iy n diewal) B 450 8 &) pada),

- Al (o Ao gana O G385 O (S - el pd LEA) eLle
AW (e AS gaa ((Sa gl (SLaY) (3a AS gada (e ()
ae o) Addal) NaeY) (e de gara (s 3 gl daaal)
QSN oan all) (o (e Jlaa (e ) JLER) oy 13SA g ¢ Al
Glladl) 8 g,

A B i e 5l LAl )3

X Ada A Mgy i) Az, x 9 ¢ ) (e A gana (e dgdlay
9 ¢Odal) (e de gana (e dgalaz ) gl (e A gana (e dgala
GOA B a1 ) B ) el ey La 1 g




(x, v, z).The values for the variables x, y and z will be
taken from a set of integers or negative integers.

P(x, y, z). < p8iall ad 3] sl x gy 52 (0 A8 gada (e
dlld) dasaual) dasy) o) dasauall dlasd),




